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a b s t r a c t
Change of the Willmore energy, as the special case of elastic bending energy, under
infinitesimal bending of the vesicle membrane is discussed. A membrane is thought of as
a smooth surface in R3 because its thickness is much smaller than its lateral dimension.
Variation of the Willmore energy at the surface point under infinitesimal bending of that
surface, as well as the condition for the stationarity of theWillmore energy are given. Some
examples are visualized. Variation of the Willmore energy of a compact path-connected
smooth surface in the Euclidean 3-space is reduced to a line integral of a special vector field
and it is found that the Willmore energy of a boundary-free surface is stationary under an
infinitesimal bending. Also, the Willmore energy of a minimal surface is stationary under
its infinitesimal bending.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
A membrane is a thin and highly flexible sheet of amphiphilic molecules and presents a unique component of biological
systems. It can be regarded as a two-dimensional surface embedded in a three-dimensional space.
Cell membranes consist of lipids, proteins and carbohydrates etc. A lipidmolecule has a polar hydrophilic head group and
one or two hydrophobic hydrocarbon tails. When a quantity of lipid molecules disperse in water, they will self-assemble
into a bilayer in which the hydrophilic heads shield the hydrophobic tails from the water surroundings. Beneath the lipid
membrane, the membrane skeleton, a network of proteins, links with the proteins in the lipid membrane.
Biophysicists have constructed a number ofmodelmembranes that are expected to capture some of the essential features
of their biological counterparts. The simplestmodels are provided by lipid bilayerswhere the lipidmolecules canmove freely
in themembrane surface like a fluid,while the proteins are embedded in the lipid bilayer. The bilayer structuremakes vesicle
membranes simple models for studying the physico-chemical properties of cells as well as of their shape deformations.
The first step in studying the elasticity of cell membranes is to study lipid bilayers. Usually, the thickness of the
lipid bilayer is much smaller than the scale of the whole lipid bilayer. It is reasonable to describe the lipid bilayer by a
mathematical surface.
The elasticity of membranes has been studied by many authors, for instance [1–3], etc. The elasticity of cell membrane
withmembrane skeleton has been fully discussed in [4,5]. Themorphology of lipid vesicles is considered in [6]. The bending
rigidities of some membranes in the fluid state are measured in [7].
The equilibrium shape of a membrane may be determined by the resulting elastic bending energy, which was studied by
Helfrich [8]:
E =
∫
S
α + β(H − c0)2 − γK dS, (1.1)
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where α represents the surface tension, which demonstrates the interaction effects between the vesicle material and the
ambient fluid material; H = (k1 + k2)/2 is the mean curvature of the membrane surface, with k1 and k2 as the principal
curvatures; G = k1k2 is the Gaussian curvature; β and γ are elastic constants which are determined by the interaction and
properties of the materials that form the membrane; c0 is the spontaneous curvature that describes the asymmetry effect
of the membrane or its environment. For a symmetric membrane, c0 = 0.
With a constant α, the first term in (1.1) can be neglected as it remains constant for vesicles with a given surface area.
By taking c0 = 0, β = γ , elastic bending energy is reduced to the Willmore energy. The Willmore energy is a quantitative
measure of how much a given surface deviates from a round sphere. The Willmore energy was studied in [9,10], etc.
In this paper we consider the behavior of the Willmore energy under infinitesimal bending of a surface. Infinitesimal
bending can be regarded as a special deformation of membranes.
The paper is organized as follows: in Section 2, some used notations and preliminaries are introduced. In Section 3,
variation of the Willmore energy as a function of the surface point under infinitesimal bending of that surface is studied.
The condition for the stationarity of the Willmore energy is given. In Section 4, the Willmore energy of the oriented surface
which presents the integral of the Willmore energy at the surface point over the whole surface is discussed. Variation of
the Willmore energy of a compact path-connected smooth surface in the Euclidean 3-space is reduced to a line integral
of a special vector field. An immediate consequence is the fact that the Willmore energy of the boundary-free surface is
stationary under an infinitesimal bending. Section 5 concludes this paper.
2. Notations and preliminaries
Let a regular surface S of class C3 be given in the vector form
S : r = r(u, v), (u, v) ∈ D, D ⊂ R2 (2.1)
included in the family of surfaces
St : rt(u, v, t) = r(u, v)+ tz(u, v), (2.2)
where t ∈ (−1, 1), r0(u, v, 0) = r(u, v) and z ∈ C3 is given field.
Definition 2.1. The surfaces (2.2) are an infinitesimal bending of the surface (2.1) if
ds2t − ds2 = o(t),
i.e. if the difference of the squares of the line elements of these surfaces is of an order higher then the first.
The field z(u, v) is the infinitesimal bending field of the infinitesimal bending.
Definition 2.2. A bending field is trivial, i.e. it is a field of the rigid motion of the surface, if it can be given in the form
z = a× r+ b, where a and b are constant vectors.
Definition 2.3. A surface is rigid if it does not allow any bending fields other than the trivial one, on the contrary that surface
is flexible.
Theorem 2.1 ([11]). Necessary and sufficient conditions for the surface St (2.2) to be an infinitesimal bending are
dr · dz = 0, (2.3)
where · stands for the scalar product in R3.
Eq. (2.3) is equivalent to the next three partial differential equations:
ru · zu = 0, ru · zv + rv · zu = 0, rv · zv = 0. (2.4)
Let the surface S be parameterized by
r(u, v) = (u, v, f (u, v)) (2.5)
and the infinitesimal bending field by
z(u, v) = (ξ(u, v), η(u, v), ζ (u, v)). (2.6)
Then Eqs. (2.4) take the form:
ξu = −fuζu, ξv + ηu = −fvζu − fuζv, ηv = −fvζv, (2.7)
wherefrom we get the partial differential equation of the second order
fuuζvv − 2fuvζuv + fvvζuu = 0. (2.8)
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Definition 2.4. LetA = A(u, v) be the magnitude that characterizes a geometric property on the surface S andAt(u, v, t)
the corresponding magnitude on the surface St being infinitesimal bending of the surface S. Then
δA = d
dt
A(u, v, t)
∣∣∣∣
t=0
(2.9)
is called the variation of the geometric magnitudeA under an infinitesimal bending St of the surface S.
Variation of geometric magnitudes plays an important role in the description of flexibility of surfaces under infinitesimal
bending. Several magnitudes are of special importance. It is known that variations of some geometric magnitudes that
depend on coefficients of the first fundamental form of the surface are zero under infinitesimal bending of the surface at R3
[11–14]. For instance, Cristoffel’s symbols, the first fundamental form, determinants of the first and the second fundamental
form, area of a region on the surface, Gaussian and geodesic curvature are stationary under infinitesimal bending of surface.
Changes of some geometric magnitudes were considered in [15]. In particular, variation of the volume of surfaces was
discussed in [16,17].
Using Eqs. (2.7) and the standard machinery of differential geometry [18], we get that mean curvature H of the surface S
(2.5) and variation δH of H under infinitesimal bending of S determined by the field (2.6) are respectively
H(u, v) = (1+ f
2
v )fuu − 2fufv fuv + (1+ f 2u )fvv
2(1+ f 2u + f 2v )
3
2
, (2.10)
δH(u, v) = (1+ f
2
v )ζuu − 2fufvζuv + (1+ f 2u )ζvv
2
√
1+ f 2u + f 2v
. (2.11)
Let the total mean curvature of the oriented surface S be given by:
H(S) =
∫
S
H(x) dS, (2.12)
where H(x) is the mean curvature of S at the surface point x = r(u, v). Denote by nt(xt) the unit normal vector to the bent
surface St at the point xt = rt(u, v, t) and n′t(xt) the velocity vector of the function t 7→ nt(xt), i.e. n′t(xt) = ddt nt(xt).
According to [19], the variation of the totalmean curvature of the compact oriented surface S under infinitesimal bending
of S equals
δH(S) =
∫
S
δH(x) dS = 1
2
∫
∂S
m(x) · dx, (2.13)
where δH(x) is the variation of the mean curvature at the surface point x;m is the vector field on S defined by the formula
m(x) = n′(x)× n(x), (2.14)
where n(x) = n0(x0). From (2.13) it immediately follows that the variation of the total mean curvature of the compact
oriented boundary-free surface equals zero.
3. Willmore energy at a surface point
Definition 3.1. Let H and G be the mean and the Gaussian curvature, respectively, of the surface S. The Willmore energy
at a surface point x ∈ S is given by
W (x) = H(x)2 − G(x). (3.1)
We will present some examples of the determination and visualization of the mean, the Gaussian curvature and the
Willmore energy comparable, applying the Mathematica computer program [20,21].
Example 3.1. For the surface S1 : r(u, v) = (u, v, uv) (Fig. 1) the mean, the Gaussian curvature and the Willmore energy
are respectively
H = − uv
(1+ u2 + v2) 32
, G = − 1
(1+ u2 + v2)2 , W =
u2v2 + (1+ u2 + v2)2
(1+ u2 + v2)3 .
Example 3.2. For the surface S2 : r(u, v) = (u, v, u2 + v2) (Fig. 2) the mean, the Gaussian curvature and the Willmore
energy are respectively
H = 2+ 4u
2 + 4v2
(1+ 4u2 + 4v2) 32
, G = 4
(1+ 4u2 + 4v2)2 , W =
(4u2 + 4v2)2
(1+ 4u2 + 4v2)3 .
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Fig. 1. The surface S1 (the first row) and graphics of the mean, Gaussian curvature and Willmore energy, respectively, as functions of the surface point
coordinates (the second row).
Fig. 2. The surface S2 (the first row) and graphics of the mean, Gaussian curvature and Willmore energy of that surface, respectively (the second row).
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Fig. 3. Ellipsoid S3 (left) and graphic of its Willmore energy (right).
Example 3.3. The ellipsoid S3 : r(u, v) = {2, 5 cos u sin v, 4 sin u sin v, 2 cos v} and its Willmore energy are visualized in
Fig. 3.
Let us examine the change of the Willmore energy (3.1) under infinitesimal bending of the surface.
Lemma 3.1. Variation of the Willmore energy at a surface point x under infinitesimal bending of that surface is given by the
formula
δW (x) = 2H(x)δH(x), (3.2)
where H(x) is the mean curvature and δH(x) is the variation of the mean curvature at the observing point.
Proof. According to (3.1) and the well-known fact that the variation of Gaussian curvature is zero, we have δW (x) =
δ(H(x)2 − G(x)) = δ(H(x)2)− δ(G(x)) = 2H(x)δH(x). 
Let the surface S be given by (2.5) and infinitesimal bending field of that surface by (2.6). Let us introduce the following
notation:
a = a(u, v) = (1+ f 2u ,−
√
2fufv, 1+ f 2v )
b = b(u, v) = (fvv,
√
2fuv, fuu)
c = c(u, v) = (ζvv,
√
2ζuv, ζuu).
(3.3)
Using the partial differential equation (2.8), we obtain
b · c = (fuu + fvv)(ζuu + ζvv), (3.4)
where · is the standard scalar product in R3. Also, it is easy to see
‖a‖ =
√
1+ g2, (3.5)
where g = 1+ f 2u + f 2v is the determinant of the first fundamental form of the surface S.
From (2.10), (2.11), (3.3) and Lemma 3.1. we have the next theorem:
Theorem 3.1. Variation of the Willmore energy at a point of the surface (2.5) under its infinitesimal bending determined by the
field (2.6) is
δW (u, v) = (a · b)(a · c)
2(‖a‖2 − 1) , (3.6)
where a, b and c are the given vector fields in (3.3).
Theorem 3.2. Variation of the Willmore energy at a point of the surface (2.5) under its infinitesimal bending determined by the
field (2.6) is zero if and only if
b · c = ‖b‖‖c‖ sin(a, b) sin(a, c), (3.7)
where a, b and c are given in (3.3).
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Fig. 4. Hyperbolic paraboloid and bent surfaces.
Proof.
δW = 0⇔ (a · b)(a · c) = 0
⇔‖a‖‖b‖ cos(a, b)‖a‖‖c‖ cos(a, c) = 0
⇔‖a‖2‖b‖‖c‖(cos(b, c)− sin(a, b) sin(a, c)) = 0
⇔‖a‖2(b · c− ‖b‖‖c‖ sin(a, b) sin(a, c)) = 0
⇔b · c = ‖b‖‖c‖ sin(a, b) sin(a, c),
because ‖a‖2 ≥ 2, according to (3.5). 
Example 3.4. For the hyperbolic paraboloid S1 : r(u, v) = (u, v, uv) there is an infinitesimal bending field z(u, v) =
(−uv,−uv, u+v) [22]. Using the formula (3.6), we obtain that variation of theWillmore energy at each point of the surface
is zero. On the Fig. 4 we can see the surface S1 and bent surfaces for t = 0.1, i.e. t = 0.5, respectively.
Let us see what will happen with the vector fields a and b from (3.3) under infinitesimal bending of surface.
Theorem 3.3. Let the surface S be given by (2.5) and its infinitesimal bending field by (2.6). Then
δ(‖a‖) = 0, δ(‖b‖2) = 2 b · c and δ(‖b‖) = ‖c‖ cos(b, c), (b 6= 0), (3.8)
where a, b and c are given in (3.3).
Proof. Having inmind that the variation of the determinant of the first fundamental form is zero, i.e. δg = 0 and the equality
(3.5) we have δ(‖a‖) = 0.
As rt = (u+ tξ(u, v), v + tη(u, v), f (u, v)+ tζ (u, v)), we have
‖bt‖2 = ‖b(u, v, t)‖2 = f 2uu + 2tfuuζuu + t2(ξ 2uu + η2uu + ζ 2uu)
+ 2(f 2uv + 2tfuvζuv + t2(ξ 2uv + η2uv + ζ 2uv))+ f 2vv + 2tfvvζvv + t2(ξ 2vv + η2vv + ζ 2vv),
and
δ(‖b‖2) = d
dt
‖bt‖2
∣∣∣∣
t=0
= 2(fuuζuu + 2fuvζuv + fvvζvv).
Due to (3.3) we have δ(‖b‖2) = 2 b · c. From here the last equality in (3.8) immediately follows. 
Remark 3.1. The norm of the vector field b determines the so-called strain energy of a thin elastic plate [23] which is given
by
E = ‖b‖2 = f 2uu + 2f 2uv + f 2vv.
Obviously, according to (3.4) and (3.8) we have δE = 2(fuu+ fvv)(ζuu+ ζvv) under infinitesimal bending (2.6) of the surface
(2.5).
4. Variation of Willmore energy of the surface
Willmore energy (3.1) is defined at a point of the surface. We can define theWillmore energy of the whole surface in the
next way:
Definition 4.1. Willmore energy of the oriented surface S is given by the formula
W (S) =
∫
S
W (x) dS, (4.1)
whereW (x) is Willmore energy at the surface point x ∈ S.
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Let us examine the variation of Willmore energy of the surface S under its infinitesimal bending, i.e.
δW (S) = d
dt
W (St)
∣∣∣∣
t=0
, (4.2)
where St is bent surface, t ∈ (−1, 1).
Theorem 4.1. For every compact oriented path-connected smooth surface S in R3 and its infinitesimal bending field z, the
variation of the Willmore energy of S equals
δW (S) = H(ξ)
∫
∂S
m(x) · dx, (4.3)
where H(ξ) is the mean curvature at some point ξ ∈ S, andm(x) is the vector field on S given in (2.14).
Proof. Let the surface S be parameterized by (2.5) and infinitesimal bending field be given by (2.6). LetWt(xt) beWillmore
energy at the point xt = rt(u, v, t) of surface St and gt = EtGt − F 2t determinant of the first fundamental form with the
coefficients Et , Ft and Gt . According to (4.2) we have
δW (S) = d
dt
∫
St
Wt(xt) dSt
∣∣∣∣
t=0
= d
dt
∫∫
D
Wt(u, v)
√
gt dudv
∣∣∣∣
t=0
=
∫∫
D
d
dt
Wt(u, v)
√
gt dudv
∣∣∣∣
t=0
+
∫∫
D
Wt(u, v)
d
dt
√
gt dudv
∣∣∣∣
t=0
=
∫∫
D
δW (u, v)
√
g dudv +
∫∫
D
W (u, v)
δg
2
√
g
dudv.
As the variation of the determinant of the first fundamental form is zero, i.e. δg = 0, we obtain
δW (S) =
∫∫
D
δW (u, v)
√
g dudv =
∫
S
δW (x) dS.
From the Lemma 3.1. we have
δW (S) = 2
∫
S
H(x) δH(x) dS. (4.4)
The function H(x) is continuous on the path-connected compact S, and according to the Fundamental theorem about the
integral [24] there exists some ξ ∈ S so
δW (S) = 2H(ξ)
∫
S
δH(x) dS. (4.5)
According to (2.13) and (4.5) we have
δW (S) = 2H(ξ)δH(S) = 2H(ξ)1
2
∫
∂S
m(x) · dx = H(ξ)
∫
∂S
m(x) · dx. 
From (4.4) we have
Remark 4.1. The Willmore energy of an oriented minimal surface S under its infinitesimal bending is stationary.
From above theorem it immediately follows:
Corollary 4.1. For every compact oriented path-connected boundary-free smooth surface S in R3 and any infinitesimal bending,
the variation of the Willmore energy of S equals zero.
Corollary 4.2. Every flexible compact oriented path-connected boundary-free smooth surface in R3 preserves its Willmore energy
during the bending.
5. Conclusion
In the above discussion, we use a geometrical surface to describe the vesicle membrane. We reduce the elastic bending
energy to theWillmore energy, considering the case of a symmetric membrane, by taking the bending rigidity as a constant.
Infinitesimal bending, as a special class of deformations, is discussed on the lipid bilayer as a smooth surface in R3. We use
geometrical tools to describe the change of Willmore energy under infinitesimal bending of a membrane.
We discuses the Willmore energy as a function of the surface point and give the condition for the stationarity of the
Willmore energy. Some examples are graphically presented. Willmore energy of the oriented surface, which presents the
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integral of the Willmore energy at the surface point over the whole surface is discussed. We reduce the variation of the
Willmore energy of a compact path-connected smooth surface in R3 to a line integral of a special vector field, and obtain
that theWillmore energy of a boundary-free surface is stationary under an infinitesimal bending. Also, theWillmore energy
of the minimal surface is stationary under its infinitesimal bending.
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